The problem of the dynamics of false vacuum bubbles has become more and more widespread in recent years. This is due to its importance to inflationary models in cosmology and the possibility for obtaining stable solitons in particle physics and quantum field theory. In this work, we investigate the behavior of test particles near the domain wall of the bubble. We show that matter is naturally trapped in the vicinity of the domain wall, for the case of a static domain wall. This, we believe, might give a physical explanation for existing models and, also, give rise to new, more realistic, physical models.
I. INTRODUCTION
The formation of domain walls can be caused, for example, by a spontaneous symmetry breaking of a discrete symmetry at a phase transition. These two dimensional topological defects are likely to occur in the very early universe, where the universe has cooled down through some critical temperature and the scalar field dominating the universe acquired a non-zero value. Therefore, domain walls may be significant for the evolution of the universe [1] .
In general, domain walls are forming when the spacetime has two or more disconnected regions. Our configuration of spacetime will be made out of a spherically symmetric domain wall localized at r = R, with a false vacuum region in the interior (r < R) and a true vacuum region in the exterior (r > R). One should note that the domain wall location is, in general, a function of the time (one can get a dynamical wall solution if one uses a time dependent scalar field). We will work in the thin-wall approximation, which assumes that the thickness of the wall is infinitely small compared to all other length scales in the problem. Therefore, put more visually, we are considering a bubble of false vacuum.
Several different models, which use the physical system we have presented here, have been suggested. Many of these models are considering the creation of a "baby universe" from a false vacuum bubble which detaches, classically or via tunneling, from the original spacetime as it goes through an inflationary phase [2] , [3] . Other models are considering the possibility for a stable, elementary particle like, bubble using additional matter terms in the energy density of the domain wall or a negative surface tension (or both) [4] , [5] .
In This work we shall study the motion of test particles in the vicinity of a stable false vacuum bubble (i.e. a stationary domain wall). One can stabilize a false vacuum bubble by introducing, for example, gauge fields that live in the 2+1 dimensional spacetime of the domain wall, together with a surface tension [4] . The gauge fields define a 2+1 dimensional gauge theory on the surface of the brane. This leads to an additional term in the effective surface tension of the domain wall, which gives rise to the solution of a stable bubble.
In the next section we will review the metric matching conditions on the brane using the Gauss-Codacci formalism to write Einstein's equations. In Sec. III we explain the way to obtain a stationary, stable, bubble configuration and in Sec. IV we derive the geodesic equation of motion for test particles in the vicinity of the brane. In Sec. V we discuss shortly our results.
II. THE MATCHING CONDITIONS
Our system consists of a domain wall which splits the spacetime into two regions, for each of which, Einstein's equations are assumed to be satisfied separately. The geometric property of the system manifests itself in the way that the domain wall is embedded in the two regions. In order to compare the two geometries we use the extrinsic curvature of the domain wall, induced by each of the two regions. The jump between the two extrinsic curvature tensors on the brane will yield the equation of motion of the domain wall. This is done using the Gauss-Codacci formalism, which is a method of viewing the four-dimensional spacetime as being sliced up into three-dimensional hypersurfaces [6] . The resulting equation is Israel's junction conditions [7] :
Where
and S µν is the surface stress-energy tensor. In the last equation, η is the coordinate normal to the brane. The energy-momentum tensor for the system under consideration can be written as
where ρ 0 is the false vacuum energy density. In the thin wall approximation, T µν has a δ-function singularity on the domain wall. Thus, one can define the surface stress-energy tensor by writing
The metrics we use will be of the form
where the + and − are indices indicating the outside and inside regions, respectively. These spherically symmetric metrics satisfy the conditions [8] :
A wide range of metrics can be written in this form, including, of course, the de-Sitter space, The Schwarzschild metric, The Reissner-Nordstrom metric, etc. For a static domain wall, which is the focus of our interest in the present work, the induced metric on the brane will be well defined if the internal and external radii coincide on the brane and the time flow on either side of the domain wall satisfies
The spherical symmetry of our system ensures us that the off-diagonal components of the extrinsic curvature tensor vanish and that the angular components are related by K φφ = sin 2 θK θθ . Hence, one can conclude that the junction conditions are completely determined by the θθ and τ τ components of equation (1). The angular components yield the following equation of motion for a general domain wall [2] :
where σ is the energy density on the domain wall, R denotes the value of the radial coordinate at the wall (for both regions) and the β ± are defined as
where the signs are to be determined by the geometric analysis of the problem. The proper-time component of (1) yields just the proper-time derivative of equation (8) . Thus, the latter determines all the properties of the solution to the general problem of our system. One should note that for geometries that do not contain wormholes, as the one we will consider in section IV, the signs of both β + and β − must be positive.
III. STATIC AND STABLE DOMAIN WALLS
In general, the domain wall of the bubble will not be static (i.e.Ṙ = 0). For that reason, we wish to review and explain here the idea behind the possibility of obtaining a stationary domain wall. We begin by noting that the equation of motion for the domain wall, equation (8) , is equivalent to the equation of motion of a particle moving in one dimension with an effective potential, as was shown in [2] . Naturally, the dynamical coordinate for both equations is the bubble trajectory. For the case where the surface tension of the domain wall is some constant, the effective potential will not have minima, and, therefore, one can not have a solution for a static and stable bubble. In order to obtain a local minimum in the effective potential, one should consider the more general case, where the surface tension of the domain wall is a function of the radial coordinate (i.e. σ = σ(r)). The radial dependence of the effective surface tension yields the possibility of obtaining a minimum value of the potential and, thus, a stable configuration.
We now move on to review in greater detail the example, which was given in the introduction, for stabilizing a false vacuum bubble. One is able to view an elementary particle as a 2+1 dimensional brane (i.e. the domain wall) embedded in a 3+1 bulk [4] . Usually, the brane has a normal type of surface tension (i.e. σ = const.), which tends to minimize the surface of the brane. In contrast to the latter, which is the simplest model for a surface tension, a 2+1 gauge theory is introduced on the brane surface. In this case, the action for the brane takes the form
where a and b take the values 0,1 and 2, h = det(h ab ) and h ab is the induced metric on the brane. For the spherically symmetric bubble, the simplest non-trivial potential that respects the spherical symmetry (up to a gauge transformation) is the magnetic monopole configuration
The latter implies that F θφ = f sinθ. The most general two dimensional spherically symmetric metric is given by
Therefore, we have F ab F ab = 2f 2 /r 4 , which means that equation (10) can now be written as
Hence, one can write as an effective surface tension:
with σ 1 = 2λf 2 . If one calculates the effective potential from equation (8) using the effective surface tension, σ(r), one can obtain a local minimum of the potential (for λ > 0). This allows a stable configuration for the false vacuum bubble.
IV. GEODESIC MOTION NEAR THE DOMAIN WALL
In order to investigate the behavior of matter near a domain wall, we calculate the geodesic lines in the vicinity of the domain wall. This will show how a test particle will "free fall" near the brane.
Let us consider the following action functional:
Applying the variational calculus to the latter will yield the geodesic equation. Thus, this action will be used to describe the motion of test particles in the gravitational field of a static domain wall. Since the domain wall is taken to be static, one can conclude that the metric is stationary. From the time independence of the metric and the spherical symmetry of the system, Noether's theorem leads to
and also
Using
one obtains the following equation of motion for a test particle:
where the effective potential is
Let us consider, as an example, a test particle which is moving in a radial direction (i.e. l = 0) in the vicinity of a static brane with a positive surface energy density. The effective potential for this case is just the metric coefficient, A(r). The spacetime is chosen as de-Sitter in the interior (A − = 1 − χ 2 r 2 ) and Schwarzschild in the exterior (A + = 1 − 2GM/r), and condition (8) (withṘ = 0) is written as
From the latter, which gives the structure for the effective potential, A(r), one can see that there is a potential well around the location of the domain wall. Therefore, one concludes that a test particle which loses energy (e.g. by gravitational radiation) in the vicinity of the domain wall, may be trapped in the potential well, i.e. near the domain wall. The generic behavior of the effective potential near the domain wall is depicted in Fig. 1 .
V. CONCLUDING REMARKS AND DISCUSSION
In this paper, we have shown that test particles can be trapped by a domain wall. As mentioned earlier, for the case of a stable bubble, there exist a variety of models. These models use additional matter terms in the surface energy density function of the domain wall, terms which are inserted "by hand". The trapping of matter around the brane could give a physical explanation for the origin of these terms, or give rise to a new model in which the false vacuum bubble interacts with its physical surroundings to form a stable soliton.
The trapping of negative surface tension was already considered in [9] in order to trap particles near the horizon of a black hole. Now, we see that this effect is much more general and exists for σ > 0 as well, and not necessarily around a horizon.
In the future, we wish to extend our study for the case of a dynamic domain wall (i.e.Ṙ = 0), as well as for the study of the possibility for trapping of scalar and fermionic fields around the domain wall of the bubble. The confinement of scalar fields can lead to a physical explanation for the existence of scalar fields on the brane, while trapping of fermionic fields can explain, for example, the physical origin of the Klinkhamer-Volovik model [5] . 
